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1. Introduction
In [1] and [2], the author showed that if X belongs to certain classes of non-paracompact spaces then there exists a
compactum K such that X ⊕ K cannot be closedly embedded into a normal topological group. These results are natural
algebraic versions of one implication of the well-known Tamano’s theorem [10] that X ×βX is normal iff X is paracompact.
In this paper we extend the results in [1] and [2] to the entire class of non-paracompact spaces. Namely, we prove that
if X is not paracompact then there exists a compactum KX (namely the ordinal τX = |X |+ + 1) such that X ⊕ KX cannot
be closedly embedded into a normal topological group. To ﬁt this statement better into the frame of Tamano’s theorem
one can re-phrase it as the following suﬃcient condition: if X ⊕ τX embeds closedly into a normal topological group then X
is paracompact. The role of KX can be also played by any isolated ordinal greater than |X |+ . Since Tamano’s theorem is a
criterion it is natural to wonder if our suﬃcient condition for paracompactness is also a necessary condition. However, it
is widely believed (but the author is not aware of any published example) that there are even Lindelöf spaces that cannot
be closedly embedded into a normal topological group. Therefore, the condition in question may not be necessary. After we
prove our main result we will elaborate more on possible algebraic version for the Tamano criterion.
Throughout the paper we will follow standard notations from [5] and argue about Tichonov spaces only. Basic facts and
deﬁnitions related to ordinals can be found in [7]. When we treat an ordinal as a topological space it is endowed with the
topology of linear order. If A is a subset of a space X by A we denote the closure of A in X provided X is clear from the
context. If, however, we take the closure of A in a subspace or superspace Y of X we write ClY (A).
2. Result
In our argument, we will use the following well-known topological facts about ordinals:
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F1: If τ is an ordinal of uncountable coﬁnality and f is a continuous map from τ to R then there exists α < τ such that
f is constant on [α,τ ) (the proof is an obvious modiﬁcation of a standard proof for τ = ω1, which can be found, in
particular, in [8, Part II, examples 40–43]).
F2: If X is a non-empty closed subspace of an ordinal τ then τ admits a continuous retraction onto X . (It is a well-known
folklore. A proof for a more general statement can be found in [3, Proposition 2.5].)
We would like to list a few facts about coverings that we will use in our arguments. It is known that the following
conditions are equivalent for an open cover U of a topological space (see, for example, [5, Exercise 5.4.H(c)]):
E1: U is normal.
E2: There exist a metric space M and a continuous map f from X onto M such that U is reﬁned by { f −1(W ): W ∈ W}
for some open covering W of M .
E3: U has a locally ﬁnite reﬁnement by functionally open sets.
It is a known theorem of Stone (see [9] or [5, Exercise 5.4.H(d)]) that an open cover U of a normal space is normal if and
only if U admits a locally ﬁnite open reﬁnement. These mentioned classical theorems imply the following two facts we will
use:
Facts.
F3: An open cover of a normal space admits a locally ﬁnite open reﬁnement if and only if it admits a locally ﬁnite func-
tionally open reﬁnement (follows from E1, E3 and Stone theorem).
F4: If U is a locally ﬁnite functionally open cover of a space then there exists a locally ﬁnite functionally open reﬁnement
V = {VU : U ∈ U} of U such that V U ⊂ U for every U ∈ U (follows from E2 and E3).
To shorten our statements, by np(X) we will denote the smallest cardinal number such that there exists an open cover
of X that has size np(X) and does not admit a locally ﬁnite reﬁnement.
Theorem 2.1. np(X) is regular for any normal space X.
Proof. Let U = {Uα: α < np(X)} be an open cover that witnesses a failure of the statement. Represent U as ⋃{Uβ : β < κ},
where κ < np(X) and |Uβ | < κ for all β < κ . Since κ < np(X), applying normality of X , we ﬁnd locally ﬁnite functionally
open covers W and V = {VW : W ∈ W} with the following properties:
(1) V W ⊂ W for every W ∈ W ;
(2) W reﬁnes {⋃Uβ : β < κ}.
Since V W ⊂ W ⊂⋃Uβ for some β < κ , we conclude that Uβ covers V W . Since V W is closed and the size of Uβ is less
than np(X) we can ﬁnd a locally ﬁnite family OW of open sets that covers V W and consists of open subsets of W . To reach
a contradiction, it suﬃces to show now that the open cover
⋃{OW : W ∈ W} of X is locally ﬁnite.
For this pick x ∈ X . Let O 1 be an open neighborhood of x that meets only ﬁnitely many members of W . For each
W ∈ W that meets O 1 let OW be a neighborhood of x that meets only ﬁnitely many members of OW . Now put O =
O 1 ∩ [⋃{OW : W ∈ W meets O 1}]. Clearly O meets only ﬁnitely many elements of ⋃{OW : W ∈ W}. 
The argument of Theorem 2.1 implies the following statement.
Proposition 2.2. Let X be normal and O = {Oα: α < np(X)} be an open cover that does not admit a locally ﬁnite reﬁnement. Then
the cover {Uα: α < np(X)}, where Uα =⋃β<α Oα , does not admit a locally ﬁnite reﬁnement either.
We are ﬁnally ready to prove our main result.
Theorem 2.3. Let X be a non-paracompact space and τ = |X |+ . Then (τ + 1) ⊕ X cannot be closedly embedded into a normal
topological group.
Proof. We can assume that X is normal. Let κ be the smallest cardinal such that there exists an open cover O = {Oα:
α < κ} of X that does not admit a locally ﬁnite reﬁnement.
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is homeomorphic to β((κ + 1) × X) via the continuous extension of the correspondence 〈α, x〉 ↔ 〈tα, x〉.
The space τ + 1 admits a continuous retraction onto T . Therefore, any continuous real-valued map on T × X can be
continuously extended to (τ + 1) × X , which proves the claim.
For each λ < τ of coﬁnality κ ﬁx Tλ = {λα: α < κ} ⊂ τ such that Tλ ∪ {λ} is homeomorphic to κ + 1 by virtue of the
correspondence λα ↔ α and λ ↔ κ . Next we deﬁne the key sets Aλ and Bλ for our argument. Put
Aλ =
⋃{{λα} × Fα: α < κ
}
, where Fα = X \
⋃
{Oβ : β < α},
Bλ = {λ} × X .
Claim 2. Aλ and Bλ are closed, disjoint, and not functionally separable subsets.
Closedness and disjointness are clear. By Claim 1, we may assume that λ = κ . Also, by Claim 1, it is suﬃcient to show
that Aκ and Bκ are not functionally separable in (κ + 1) × X . Let us prove that the sets cannot be functionally separated.
If κ is of countable coﬁnality then, by Theorem 2.1, κ is countable. Hence, the conclusion of the claim follows from the
argument of Dowker’s theorem (see [4] or [5, Theorem 5.2.8]). We now assume that κ has uncountable coﬁnality. Our proof
of this claim will mimic Tamano’s argument of his theorem under discussion. Therefore, we will skip some explanations
and refer the reader to the presentation of Tamano’s argument in [5, Theorem 5.2.8]. To facilitate the reading we will use
exactly the same notations as in [5, Theorem 5.2.8]. Let U = {Uα: α < κ}, where Uα =⋃β<α Oβ . By Proposition 2.2, U does
not admit a locally ﬁnite reﬁnement. For every α < κ let Vα be the largest open set in βX such that Vα ∩ X = Uα . Now
put Z = βX \⋃{Vα: α < κ}.
Sub-claim. Z ⊂ ClβX (Fα) for all α < κ .
To prove the sub-claim, ﬁx x ∈ V = βX \ ClβX (Fα). We need to show that x /∈ Z . It is clear that V ∩ X = Uα , meaning x
is in Vα and, therefore, is not in Z . The sub-claim is proved.
Let f be a continuous map from (κ + 1) × X to [0,1] that sends Aκ to {0} and Bκ to {1}. As in Tamano’s argument
we deﬁne the pseudometric ρ on X by letting ρ(x, y) = sup{| f (γ , x) − f (γ , y)|: γ ∈ κ + 1}. The open sets with respect to
this pseudometric are open with respect to the original topology on X . Now consider the open cover B = {B(x,1/2): x ∈ X}
consisting of open balls of ρ-radius 1/2 centered at x. Following Tamano’s argument, there exists a locally ﬁnite reﬁnement
W of B. To ﬁnish the proof it is enough to show that each element of W can be covered by ﬁnitely many elements of
{Vα: α < κ}. For this it is enough to show that the closure of each B(x,1/2) in βX misses Z (this is where our proof of the
claim is slightly different from Tamano’s argument). To show that ClβX (B(x,1/2))∩ Z = ∅, let αx < κ be the smallest isolated
ordinal such that f ([αx, κ) × {x}) = {1}. Such an ordinal exists because κ has uncountable coﬁnality. Pick any y ∈ B(x,1/2).
We have f (αx, y) > 1/2. On the other hand, by Sub-claim and continuity of f , we have f˜ ({αx} × Z) ⊂ f ({αx} × Fαx ) = {0},
where f˜ is the continuous extension of f over β((κ + 1) × X). (Note that the closure of {αx} × X in β((κ + 1) × X) is
naturally homeomorphic to {αx} × βX via the continuous extension of the identity correspondence.) Thus, clβX (B(x,1/2))
misses Z , which proves the claim.
Let G be a topological group with group operation 
 that contains X and (τ + 1) as closed subsets.
Claim 3. If there exists 〈λ, xλ〉 ∈ Bλ such that λ 
 xλ ∈ 
(Aλ), then there exists 〈γλ, yλ〉 ∈ λ × X such that λ 
 xλ = γλ 
 yλ .
To prove the claim let α be the smallest ordinal such that xλ /∈ Fα . Such an ordinal exists because ⋂{Fβ : β < κ} = ∅. We
have Aλ ⊂ [(λ+ 1)× Fα] ∪ [(α + 1)× X]. Since (λ+ 1) and (α + 1) are compact, the sets 
((λ+ 1)× Fα) and 
((α + 1)× X)
are closed. Therefore, λ 
 xλ is in one of these sets. Assume that λ 
 xλ is in the second set. Since (α + 1) × X is a subset of
λ× X the claim is proved. Now assume that λ 
 xλ is in 
((λ+ 1)× Fα). Since 
 is homeomorphism on {λ}× X we conclude
that λ 
 xλ is in 
(λ × Fα). Since λ × Fα is a subset of λ × X , the claim is proved.
If 
(Bλ) misses 
(Aλ) for some λ < τ of coﬁnality κ , then G is not normal. Indeed, since 
(Bλ) and 
(Aλ) are disjoint
and closed subsets in G and their inverse images are not functionally separable in (τ + 1) × X we conclude they are not
functionally separable in G .
Now let us assume that 
(Bλ) meets 
(Aλ) for every λ < τ of coﬁnality κ . A contradiction in this case will complete
our proof. To reach the promised contradiction, for each λ < τ of coﬁnality κ ﬁx 〈λ, xλ〉 ∈ Bλ and 〈γλ, yλ〉 ∈ λ× X such that
λ 
 xλ = γλ 
 yλ . Such pairs exist by Claim 3. Let K be the set of all ordinals in τ of coﬁnality κ . Clearly, K is stationary
in τ . Since γλ < λ, the correspondence λ → γλ represents a regressive function from K to τ . Since τ is an uncountable
regular cardinal and K is stationary in τ , the hypothesis of the Pressing Down Lemma (see, for example, [7, Lemma 6.15]) is
met. Hence there exists a γ ∗ < λ and a stationary K ′ ⊂ K such that γλ = γ ∗ for every λ ∈ K ′ . Since |K ′| > |X | we can ﬁnd
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λ1 
 xλ1 = γ ∗ 
 yλ1 = γ ∗ 
 yλ2 = λ2 
 xλ2 = λ2 
 xλ1 .
The equality of the leftmost and rightmost expressions implies that λ1 = λ2, which contradicts our original choice. 
Note that the argument of our proof works if we replace |X |+ +1 by any ordinal greater than or equal to |X |+ . Moreover
we have used only continuity of multiplication, meaning, that the statement holds even for paratopological groups. Thus,
we have proved the following more general statement.
Theorem 2.4. Let X be a non-paracompact space and τ  |X |+ . Then τ ⊕ X cannot be closedly embedded into a normal paratopo-
logical group.
As mentioned in the introduction, one should not hope to obtain an algebraic version of Tamano’s criterion by trying
to reverse the statement of our main result. However, we dare to conjecture that the following statement might have a
good chance to be true, and thus, serve as an algebraic counterpart of Tamano’s criterion: X closedly generates a paracompact
topological group if and only if X ⊕ (|X |+ + 1) (or, preferably, X ⊕ βX ) closedly generates a normal topological group. In this
conjecture the expression “X closedly generates a group G” means that X is a closed subspace of G and its envelope is G .
Note that the necessity part of the conjecture holds. Indeed, let G be a paracompact group closedly generated by X and
let H be any group generated by (|X |+ + 1). The group H is σ -compact being generated by a compactum. Therefore,
by [5, Theorems 5.1.2.8 and 5.1.36], G × H is a paracompact, therefore normal, space. Clearly, G × H is a topological group
generated by its closed subspace G×{eH }⊕{eG}×H , where eG and eH are the neutral elements of the corresponding groups.
If one tries to prove the reverse part, one immediately discovers that X is a closed paracompact subspace of X ⊕ (|X |+ + 1).
However, it is not clear, whether the envelope of X is still paracompact.
We would like to ﬁnish the paper with a question naturally arising from our discussion and which has a good chance
for an aﬃrmative answer.
Question 2.5. Let X be a Dowker space. Is it true that X cannot be embedded into a normal group that contains a convergent sequence?
We would like to mention that it appears that the only Dowker group available in print is the one in [6], which is a
P-space, meaning that it does not have a convergent sequence.
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